We study finite isospin chiral perturbation theory (χPT) in a uniform external magnetic field and find the condensation energy of magnetic vortex lattices using the method of successive approximations (originally used by Abrikosov) near the upper critical point beyond which the system is in the normal vacuum phase. The difference between standard Ginzburg-Landau (GL) theory (or equivalently the Abelian Higgs model) and χPT arises due to the presence of additional momentum-dependent (derivative) interactions in χPT and the presence of electromagnetically neutral pions that interact with the charged pions via strong interactions but do not couple directly to the external magnetic field. We find that while the vortex lattice structure is hexagonal similar to vortices in GL theory, the condensation energy (relative to the normal vacuum state in a uniform, external magnetic field) is smaller (larger in magnitude) due to the presence of derivative interactions. Furthermore, we establish that neutral pions do not condense in the vortex lattice near the upper critical field.
Introduction
Quantum Chromodynamics (QCD) is the theory of strong interactions with a very rich phase structure that exhibits chiral symmetry breaking in the QCD vacuum and color confinement. It also has a rich structure in the presence of an external magnetic field, which is of relevance in various physical scenarios including magnetars, which can possess fields of order 10 10 T [1] and RHIC collisions, which involve beams of charged nuclei that produce magnetic fields of order 10 16 T [2] . In the presence of magnetic fields, the QCD vacuum is known to exhibit dimensional reduction [3] , whereby the pairing of quarks and antiquarks via the chiral condensate [4, 5, 6 ] is enhanced (magnetic catalysis at zero temperature) and the vacuum also exhibits superconductivity through ρ−meson condensation [7, 8] .
In this paper, we will study the effect of an external uniform magnetic field in the context of finite isospin three-color, two-flavor χPT. The problem (at zero external electromagnetic field) was first considered by Son and Stephanov [9, 10] . It was found that for chemical potentials greater than the pion mass, a condensate of pions is formed in the QCD vacuum. The χPT results are model independent and valid if the parameters involved (x) satisfy x Λ hadr ∼ 4π f π , where x can be momentum (p), mass (m π ), isospin chemical potential (µ I ), temperature (T ) or an external magnetic field ( √ eH). Similar studies at finite isospin and finite baryon densities have been performed in QCD Email address: adhika1@stolaf.edu (Prabal Adhikari) with different representations (of quarks) and number of colors [11] including two-color, two-flavor, which possess a rich phase structure [12] with both pion and diquark condensation and an unusual first order transition [13] and QCD with arbitrary number of quarks in the adjoint representation. Furthermore, finite isospin QCD has been extended to asymptotically large isospin chemical potentials [14] , where χPT is not valid but analytical studies are still possible due to asymptotic freedom and the ability to find the BCS gap similar to large baryon chemical potentials, where QCD exhibits color-flavor-locking [15, 16] . Most recently, finite isospin QCD has been studied using lattice methods for a wide range of chemical potentials (including intermediate ones). Additionally, there is also a modeldependent study based on the quark-meson model that incorporates quarks fluctuations (at one-loop in the on-shell renormalization scheme) with results that are largely in agreement with lattice results [17] .
A number of important results have been found in these most recent studies: there is a second order phase transition to a pion condensed phase for chemical potentials greater than the pion mass (in the normalization of Refs. [9, 10] , which we use in this paper). This transition remains largely unaffected at finite temperature up to ∼ 150 MeV. For chemical potentials larger than ∼ 1.2m π , the "pion condensed" phase is sustained up to temperatures of ∼ 160 MeV up to a chemical potential of ∼ 2m π (which is the maximum chemical potential probed by lattice QCD). There is also a chiral (deconfinement) crossover transition at temperatures of ∼ 160 MeV at zero isospin, which decreases steadily with increasing chemical potentials and meets the pion phase transition line at µ I ∼ m π and T ∼ 151 MeV. The quark-meson model-based results of Ref. [17] are largely in agreement with the latticeresults except for the chiral (deconfinement) transition, which occurs at higher temperatures in the model, which may be explained by the presence of only two lightest quark flavors unlike the lattice study, which also includes the strange quark.
While lattice studies of finite isospin QCD are possible due to the absence of the fermion sign problem (unlike at finite baryon chemical potentials), the sign problem reemerges when both isospin and magnetic fields are present simultaneously due to flavor symmetry breaking in the presence of an external electromagnetic field [18] , which leads to the loss of γ 5 hermicity unless the charges of the up and the down quarks are equal and opposite. As such, χPT serves as a useful effective theory in the study of the finite isospin phase diagram in external magnetic fields. Previously, in Ref. [19] it was suggested that pions behave like type-II superconductors and the relevant single vortex structures and the critical magnetic field, H c1 , where the transition from superconducting pions to a single pionic vortex, were found. We generalize and improve upon the results by considering possible vortex lattice solutions and the corresponding condensation energy (density), relative to the normal vacuum in the presence of a uniform, external magnetic field. In this study, as in Ref. [19] , we ignore the electromagnetic interactions between the condensed pions similar to the study of (saturated) nuclear matter (for instance, see Ref. [20] ). The assumption is justified within the regime of validity of χPT (see Ref. [19] for a detailed discussion) since the interactions between pions are dominated by strong interaction effects.
The paper is organized as follows: we begin in section 2 with the χPT Lagrangian at finite isospin and electromagnetic fields and briefly review the resulting phase structure at zero external field. In section 3, we summarize the argument for type-II superconductivity in finite isospin χPT with a uniform, external magnetic field that was first present in Ref. [19] and follow that in section 4 with the computation of the magnetic vortex lattice solutions and the corresponding condensation energy (relative to the normal vacuum in an external magnetic field). In subsection 4.1, we argue that neutral pions do not condense within the magnetic vortex lattice near the upper critical field and end with concluding remarks in section 5.
Lagrangian and Superfluidity
We begin with the Lagrangian for chiral perturbation theory at O(p 2 ) in the presence of an isospin chemical potential and an external electromagnetic field:
where Σ is an SU(2) matrix, m π is the pion mass, f π is the pion decay constant, F µν is the electromagnetic tensor and D µ Σ is a covariant derivative. They are defined as:
where A µ is the electromagnetic gauge field, I the isospin matrix and Q the charge matrix. These matrices are defined as
where 1 is the 2 × 2 identity matrix and τ 3 the third Pauli matrix. Finally, note we have added an arbitrary constant to the Lagrangian such that the normal vacuum of QCD has zero energy. In the presence of an isospin chemical potential (and no electromagnetic fields), the system exhibits superfluidity for large enough chemical potentials [9, 10] . This can be easily seen using the parametrization
with the conditionφ iφi = 1 ensuring that the unitary condition, Σ † Σ = 1, is satisfied. Here τ i , where i = 1, 2, 3, represent the Pauli matrices. The resulting static potential is
From the potential, it is straightforward to note that φ 2 1 +φ 2 2 = 1, i.e. φ 3 = 0 (neutral pions do not condense). Furthermore, the ground state of the system is the normal vacuum, i.e. ρ = 0 if 
Type-II Superconductivity in χPT
A charged superfluid in the presence of an external magnetic (which we will assume to be uniform and pointing in the positive z-direction as is standard) is expected to behave like a superconductor. If magnetic 
vortices (with quantized flux) are supported then the system is a type-II superconductor, otherwise type-I. A method for establishing the type of superconductivity is through the comparison of the first critical field H c (from a spatially uniform superconducting phase to the normal phase) with H c1 (from the spatially, uniform superconducting phase to a single vortex). H c and H c1 can be found by comparing the Gibbs free energy (densities) G of the relevant phases, defined as
where H is the Hamiltonian (density) assuming timeindependence is,
M ≡ B − H is the magnetization (density), with B = ∇ × A. In the uniform superconducting phase B = 0 and in the vortex phase, the magnetic flux Φ n = 2πn/e, where n is a non-zero integer. This results in the following critical magnetic field [19] assuming type-I superconductivity
and the following critical magnetic field assuming type-II superconductivity (from the homogeneous superconducting phase to the single vortex phase)
where the string tension is the condensation energy (not free energy) per unit length (relative to the superconducting phase) of a single vortex with flux, Φ 1 = 2π/e. If H c1 < H c , then the system behaves as a type-II The solid line is a first order transition from the uniform, superconducting phase to the vortex phase and the dashed line is a second order transition from the vortex (lattice) phase to the normal vacuum. The gray line represents H c , which is the critical field from the uniform, superconducting phase to the normal vacuum, assuming type-I superconductivity. See text for explanation.
superconductor. The condition implies that the surface (free) energy [21] associated with magnetic vortices is negative and thus its condensation is favored over the transition to the normal vacuum.
In Fig. 2 , we show the critical external field H c1 1 from the spatially uniform, superconducting phase to a single vortex phase, which breaks translational invariance. We also show the critical external field H c2 ≡ B c from the vortex lattice phase to the normal vacuum.
As the external field increases between H c1 and H c2 the population density of the vortices increases. Also, in Fig. 2 , we show the critical field H c obtained assuming type-I superconductivity. From the diagram, we see that H c > H c1 for µ I > m π suggesting that pions in χPT behave as type-II superconductors as pointed out in Ref. [19] .
Magnetic Vortex Lattice
While the lower critical field, H c1 , was found numerically, the upper critical field H c2 can be found using the dispersion relation of a charged pion (with charge ±e), which becomes tachyonic for external magnetic fields (H ≡ B ext ) larger than
with e = is to find the condensation energy associated with vortex lattices and argue that the vortices arrange themselves in a hexagonal lattice similar to vortex lattices in the Abelian Higgs Model. We define the condensation energy (of the vortex lattice) as
where H is the Hamiltonian density, i.e. free energy density of the vortex lattice, while
where the integral is being performed over the x − y (transverse) plane and A ⊥ is the area of the transverse plane.
The magnetic field B ext is uniform and pointing in the longitudinal (i.e. positive z) direction. We will find the condensation energy in the regime
using Abrikosov's method (of successive approximations). Using the non-linear parametrization for Σ,
where
we can expand the O(p 4 ) Lagrangian near the critical field B c assuming |π
where L 4π are contributions to the χPT Lagrangian with four or fewer pion fields (that contribute at O(p 2 )) and δ L contains all other terms. (Single Vortices in theories with derivatives interactions were first studied in Ref. [22] L 4π is
We proceed by assuming that π 0 = 0. However, this assumption needs to be justified within χPT since neutral particles are known to condense in vortex phases [23] . We will discuss the issue of neutral pion condensation further in section 4.1. The equation of motion of L 4π for π + ignoring π 0 is
and that of the electromagnetic field is
where the electromagnetic current is
The equation of motion for the electromagnetic fields is unmodified by the presence of neutral pions. Assuming time-independence and the absence of electric fields, i.e. A 0 = 0 [19] , we can use the equations of motion for π + to rewrite the Hamiltonian con-taining up to four fields.
where we have ignored terms with more than four scalar fields in the O(p 2 ) Lagrangian. Note that in the absence of derivative interactions in H 4π above reduces to the standard Abelian Higgs Model result [24] . We use the following notation in what follows:
We proceed by using the method of successive approximations to find the vortex lattice solution and the condensation (free) energy relative to the normal vacuum (which has a free energy of 
the solutions of which are the Landau level wave functions, which in the symmetric gauge assume the following form [24, 25] .
. It is standard to consider the most symmetric solutions, i.e. periodic lattice solutions, which requires choosing C n = C n+N . (For N = 1, the solution is a square lattice, for N = 2 it is a hexagonal lattice and N = 3 it is a paralleogrammic lattice. For further possibilities and details, see Ref. [24] ) We note that for B = B c , |π + | = 0. For fields B ext B c , we expect |π + | 0. In order to find the condensation energy and the charged pion field π + below the critical field, we need to work at next to leading order, i.e. O(ε 3 ). The equation of motion for B at O(ε 3 ) can be written in terms of F 12 ≡ −B (the other components of F i j are zero), in the following form
Solving Eq. (29), we find that B is given by
where an arbitrary constant that arises in solving the first order Eq. (29) is fixed by the conservation of magnetic flux, i.e. B = B ext [24] . Similarly, the next to leading order, i.e. O(ε 3 ), equation of motion (For details of the calculation, see Ref. [26] ) for the charged pion field, π + , gives rise to following condition
Since our goal is to find the condensation energy at O(ε 4 ), we need to evaluate the expectation value of the Hamiltonian density in Eq. (24) . The difference from the Abelian Higgs model is the presence of derivative interactions. The expectation value of the first derivative interaction term can be simplified using the equations of motion at O(ε 4 ):
and the expectation value of the second derivative interaction term vanishes at O(ε 4 ) in a uniform, external magnetic field due to Eq. (27), i.e.
Using the above expectation values and the result of Eq. (30) in Eq. (24), the expectation value of the Hamiltonian density over the transverse plane valid at O(ε 4 ) near the upper critical field (B c ) is
This expectation value reduces to that of the Abelian Higgs model of Ref. [24] in the absence of derivative interactions, which is easily checked by removing the derivative interactions in Eq. (24) . By using the definition of the Abrikosov ratio [24, 25, 27] ,
we can write H in terms π + π − and β A . Then, minimizing H with respect to π − π + (subsequently, we will minimize with respect to β A ), gives up to O(ε 4 ):
Plugging this result into Eq. (34) and then into Eq. (13), we get the following expression for the vortex lattice condensation energy (relative to the normal vacuum in a uniform magnetic field):
which is valid at or below the critical field B c , above which E = 0. It is evident from the above expression that the condensation energy is minimized by the smallest possible β A , which is assumed by a hexagonal (triangular) lattice structure with [27, 28] 
Furthermore as discussed in full detail in Ref. [24] , in Eq. (28), we set
with C 0 ≡ C and C 1 = iC .
In Fig 3, we show the vortex lattice condensation energy as a function of B ext /B c . The vortex lattice becomes the normal vacuum when B ext = B c and the condensation energy becomes zero thereafter. As B ext decreases below B c , |π + | increases. Furthermore, with increasing isospin chemical potential, the superfluid pion density increases and the vortex lattices have a more negative condensation energy. The vortex lattices also have a smaller (larger in magnitude) condensation energy than they would in the absence of derivative interactions.
For an external magnetic field, B ext B c , the vortex lattice solution [24] is modified (with B c → B ext ) such that it satisfies the flux quantization condition [29, 30] 
where n = 1 in each unit cell. In the symmetric gauge (for lattice solutions in non-symmetric gauges, see Refs. [25, 27, 31] )
can be written using Eqs. (28) and (39) in terms of the third Jacobi (elliptic) theta function θ 3 , a variational parameter [24] which was found to be ν = 
We find using the above expression that [24] 
which is independent of B ext . Plugging these into Eq. (34) and minimizing with respect to |C| results in the following expression for |C| |C| = 
Absence of Neutral Pion Condensation
We have so far assumed that π 0 = 0, which needs to be justified [23] . In order to check the validity of this assumption, we consider small fluctuations of π 0 around its assumed value of zero [32] . These fluctuations can be written in the following form:
Using the equation of motion for π 0 , we find that the linearized equation ("Schrödinger equation") for the fluctuations in π 0 is:
While we are not aware of any analytical solutions to this equation, we can solve the equation using finite element methods in a unit cell (a parallelogram defined by d 1 and d 2 ) by imposing periodic boundary conditions. The resulting dispersion relation is
where δ is the ground state "energy" of the periodic potential, −
It depends on the external magnetic field B ext and the isospin chemical potential µ I . We note that δ ≤ 0 (see Table 1 for some numerical values), which can be argued variationally using a uniform distribution forπ + that trivially satisfies periodic boundary conditions, and δ ≥ − this work, the dispersion relation never becomes tachyonic: there is no neutral pion condensation in the vortex lattice near the upper critical field. Therefore, the phase diagram for type-II superconductivity of as suggested by Fig. 2 is consistent at (or near) the two critical fields. Our calculations, however, do not preclude neutral pion condensation within magnetic vortices entirely. (see Fig. 5 )
Conclusion
In this work, we have studied finite isospin χPT in an external magnetic field (at the classical level) similar to studies of the Abelian Higgs Model. χPT is richer than the Higgs model due to the presence of derivative interactions, which emerge as a consequence of the symmetry breaking patterns of QCD and the fact that pions are Goldstone modes. There are obviously qualitative similarities both in the structure of the condensation energy and the vortex lattice structure. However, there is the added complication of the fact that there is an additional (electromagnetically) neutral degree of freedom that couples with the charged pions through strong interactions. We found that these neutral pions do not condense in the vortex lattice. Previously, we established this was the case in a single vortex [19] . However, this does not mean that there aren't more exotic possibilities: one such example present in Additionally, it is worth noting in light of the spectrum (Landau levels) of spin-0 scalar fields, in a uniform, external magnetic field that the effective mass (gap at zero momentum and zero isospin) of a charged pion becomes m eff π (B ext ) = m 2 π + eB ext .
As such one might expect the transition to a diamagnetic phase to occur for µ I ≥ m eff π . This work including and our previous work in Ref. [19] is consistent with first turning on the isospin chemical potential starting at zero until µ I > m π such that the system is in the pion condensed, superfluid state first and only subsequently turning on the external magnetic field. Since the pion superfluid is charged it behaves as a superconductor when the external field is turned on and prevents penetration by the external magnetic field.
In summary, we analyzed vortex lattice solutions using only the classical Lagrangian and have so far ignored the role of temperature [33] , quantum fluctuations and quasi-momentum excitations of the hexagonal vortex lattice. These excitations [31] are known to play an important role in determining the stability of the lattice structure and the resulting phonon spectrum. These issues will be investigated in future work.
